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Abstract
We show that in single field inflationary models the super-horizon evolution of curvature perturba-
tions on comoving slices R, which can cause the production of primordial black holes (PBH), is not due
to entropy perturbations, but to the background evolution effect on the conversion between entropy
and curvature perturbations. We derive a general relation between the time derivative of comoving
curvature perturbations and entropy perturbations, in terms of a conversion factor depending on the
background evolution. Contrary to previous results derived in the uniform density gauge assuming
the gradient term can be neglected on super-horizon scales, the relation is valid on any scale for any
minimally coupled single scalar field model, also on sub-horizon scales where gradient terms are large.
We apply it to the case of quasi-inflection inflation, showing that while entropy perturbations are
decreasing, R can grow on super-horizon scales, due to a large increase of the conversion factor.
This happens in the time interval during which a sufficiently fast decrease of the equation of state
w transforms into a growing mode what in slow-roll models would be a decaying mode. The same
mechanism also explains the super-horizon evolution of R in globally adiabatic systems, for which
entropy perturbations vanish on any scale, such as ultra slow roll inflation and its generalizations.
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I. INTRODUCTION
According to the standard cosmological model primordial curvature perturbations provided
the seeds from which large scale structure has formed. When these perturbations are sufficiently
large [1] primordial black holes (PBH) could be formed, with a series of important observational
consequences [2–6]. In this paper we investigate what are the general conditions for the super-
horizon evolution of comoving curvature perturbations R in single field models.
In slow-roll inflationary models R is conserved on super-horizon scales [7]. However there are
other single field models with super-horizon evolution of R, such as globally adiabatic models
[8] or inflation with a quasi-inflection point in the potential [9]. The super-horizon growth of
R has profound implications because it can give rise to PBH production [10], with different
important observable effects.
In the case of globally adiabatic models [8], which include ultra slow roll inflation [11,
12] for example, it was already shown that the cause of the super-horizon growth of R are
not entropy perturbations, since those modes are adiabatic on any scale. For quasi-inflection
inflation instead it has been argued [9, 13] that the super-horizon growth of R is due to entropy
perturbations. Nevertheless, in agreement with the general analysis given in [8], it has also
been [14–17] shown in different scenarios that the super-horizon growth of R can be explained
uniquely in terms of the evolution of the background, so it is important to clarify if non adiabatic
perturbations actually play any important role.
In order to better understand the mechanism producing this phenomena we analyze the
general relation between curvature and entropy perturbation in single field models, showing
that the quantity which plays the most important role is not the entropy perturbation but the
equation of state w = P/ρ, whose fast time variation can induce a super-horizon evolution of
what in slow-roll models would be a decaying mode. As an application we show that similarly to
what happens for globally adiabatic models, also for quasi-inflection models the super-horizon
growth is not due to entropy perturbation, but to the background evolution.
II. SINGLE SCALAR FIELD MODELS
The Lagrangian for single scalar fields models minimally coupled to gravity is
S =
∫
d4x
√−g
[
1
2
M2pR−
1
2
gµν∂µφ∂νφ− V (φ)
]
, (1)
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where R is the Ricci scalar, gµν is the FLRW metric
ds2 = −dt2 + a(t)2δijdxidxj , (2)
and we are using a system of units in which c = ℏ = 1 and Mp = (8πG)
−
1
2 is the reduced
Planck mass. The variation of the action with respect to the metric and the scalar field gives
H2 =
1
3M2p
(
φ˙2
2
+ V (φ)
)
, (3)
φ¨+ 3Hφ˙+ Vφ = 0 , (4)
where a dot denotes a derivative with respect to cosmic time t, H = a˙/a is the Hubble parame-
ter, and Vφ = ∂φV (φ). The background energy momentum tensor of the scalar field is the same
of a perfect fluid with energy density ρ = 1
2
φ˙2 + V and pressure P = 1
2
φ˙2 − V . We define the
slow-roll parameters as
ǫ ≡ − H˙
H2
, (5)
η ≡ ǫ˙
ǫH
. (6)
In the next section we will study some properties of the super-horizon behavior of R for
this class of models without making any specific choice for the potential, reaching some general
conclusions about the conditions under which R can grow.
III. EVOLUTION OF COMOVING CURVATURE PERTURBATIONS
The metric for scalar perturbations is given by
ds2 = −(1 + 2A)dt2 + 2a∂iBdxidt + a2 {δij(1 + 2C) + 2∂i∂jE}dxidxj , (7)
and the energy-momentum tensor for a minimally coupled scalar field is
T 00 = −
(
1
2
φ˙2 + V (φ)
)
− φ˙ ˙δφ+ Aφ˙2 − Vφδφ , (8)
T 0i = ∂i
(
− φ˙δφ
a
)
, (9)
T ij = δ
i
j
[
1
2
φ˙2 − V (φ) + φ˙ ˙δφ− Aφ˙2 − Vφδφ
]
, (10)
where δφ is the perturbation of the scalar field.
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The curvature perturbation on comoving slices is a gauge invariant variable given by C in
the gauge in which T 0i = 0, which for a single field takes the form
R = C +Hδφ
φ˙
. (11)
The perturbed Einstein’s equations in the comoving gauge are
1
a2
(3)
∆ [−R+ aHσc] = − φ˙
2
2M2p
Ac , (12)
Ac =
R˙
H
, (13)
−R¨ − 3HR˙+HA˙c + (2H˙ + 3H2)Ac = − φ˙
2
2M2p
Ac , (14)
σ˙c + 2Hσc − Ac +R
a
= 0 , (15)
where
(3)
∆≡ δkl∂k∂l, σc ≡ aE˙c −Bc, and we denote with the supscript c quantities defined in the
comoving slices gauge. After appropriately manipulating the above equations [18] it is possible
to reduce the system of differential equations to a closed equation forR, the Sasaki-Mukhanov’s
equation
R¨k + 2 Z˙
Z
R˙k + k
2
a2
Rk = 0 , (16)
where Z ≡
√
ǫa3 and Rk is the Fourier mode.
The coefficients of this equation only depend on the background evolution through a and
ǫ, so a priori no notion of entropy perturbation is required to solve them. It is nevertheless
useful, as we will show later, to decompose δP in an adiabatic and non-adiabatic component
[7] to study the super-horizon behavior of R.
IV. SUPER-HORIZON GROWTH OF COMOVING CURVATURE PERTURBA-
TIONS
Eq.(16) can be re-written in the form
d
dt
(
Z2R˙k
)
+ aǫk2Rk = 0 , (17)
from which it is possible, after re-expressing the time derivatives in terms of derivatives with
respect to the scale factor a, to find a solution on super-horizon scales given by [8]
Rk ∝
∫
da
a
f ; f ≡ 1
HZ2
=
1
Ha3ǫ
, (18)
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corresponding to the constant mode Z2R˙k ∝ const. From the above solution we can obtain
the useful relations
R˙k = αfH , (19)
where α is an appropriate complex constant and we used the absolute value of H , because
the same equation is also valid in a contracting Universe. This mode in slow-roll models is
sub-dominant, and is called decaying mode since the 1/a3 factor makes it rapidly decrease.
The above equation is the key to understand what is producing the super-horizon growth of
comoving curvature perturbations. First of all it is clear that f only depends on background
quantities. This is already a first hint that entropy perturbations are not the cause of the
growth of Rk, which we will show explicitly in the last section.
From the definition of the slow roll parameter ǫ and the Friedman equations :
H2 =
ρ
3M2p
, (20)
H˙ = −ρ+ P
2M2p
, (21)
we can get the useful relation
ǫ =
3
2
(1 + w) =
3
2
ρ+ P
ρ
, (22)
which substituted in f gives
f =
2
3(1 + w)Ha3
, (23)
where w ≡ P/ρ.
From eq.(18) we can immediately deduce that the general condition for super-horizon growth
is
df
da
≥ 0 , (24)
or equivalently
df
da
=
1
a˙
df
dt
=
1
aH
f˙ ≥ 0 . (25)
During inflation aH > 0 and the general condition given in eq.(24) reduces to
f˙ ≥ 0 . (26)
Note that in a contracting Universe H < 0 and the condition for super-horizon growth would
be inverted, i.e. f˙ < 0.
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Eq.(26) implies
f˙ =
d
dt
(
1
HZ2
)
= −3− ǫ+ η
Z2
≥ 0 , (27)
which gives the general condition for super-horizon growth in an expanding Universe, and when
Z2 > 0 implies 3− ǫ+ η ≤ 0, in agreement with the results obtained in [9]. Note that Z2 > 0 is
a natural assumption because models with Z2 < 0 would at some point require a problematic
phantom crossing [19].
The condition for super-horizon growth of R in terms of w is
f˙ = − 1
(1 + w)2Ha3
[
w˙ +
3H
2
(1− w2)
]
≥ 0 . (28)
From the above equation we can deduce some important conclusions
• in slow-roll inflation w > −1, w˙ > 0, and consequently f˙ < 0, leading to the well known
behavior of the decaying mode
• a sufficiently fast decrease of w(t), i.e. w˙ < −3H
2
(1−w2), can give f˙ > 0, and consequently
induce the super-horizon evolution of the ”decaying” mode
Note that in drawing the conclusions above we have assumed again w > −1, to avoid phantom
crossing. As we will see later the second case is the mechanism which causes the growth of R
in quasi-inflection inflation, a model in which there is first an increase in w and then a sudden
decrease, during which the ”decaying” modes grows.
V. SUPER-HORIZON GROWTH OF R IN GLOBALLY ADIABATIC MODEL
Globally adiabatic (GA) models were investigated in details [8], including different exam-
ples such as generalized ultra slow roll inflation, and Lambert inflation. It is interesting to
understand what causes the super-horizon growth of R in these models in the light of eq.(28).
From the time derivative of w and the continuity equation
w˙ =
ρ˙
ρ
(
c2w − w
)
, ρ˙+ 3H(1 + w)ρ = 0 , (29)
where c2w ≡ P˙ /ρ˙, we can also re-write the condition for super-horizon growth as
f˙ =
2c2w − w − 1
(1 + w)a3
≥ 0 , (30)
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which assuming w > −1 implies
c2w ≥
w + 1
2
. (31)
The same kind of results can be easily generalized to the class of GA models studied in [8]
corresponding to ǫ ∝ a−n, c2w ≈ n−33 , w ≈ −1, so that f˙ > 0 implies n > 3, which is indeed
in agreement with the result obtained in [8]. Note that this is just an alternative way to
interpret the general condition given in eq.(28) in terms of the adiabatic speed c2w, but the super-
horizon growth of R could be understood equivalently as the consequence of a fast decrease of
w = 2ǫ/3− 1 = 2a−n/3− 1.
VI. A GENERAL RELATION BETWEEN ENTROPY PERTURBATIONS AND CO-
MOVING CURVATURE PERTUBATIONS
The standard definition of non-adiabatic pressure for a single field is [7]
δPna ≡ δP − c2wδρ , (32)
where c2w = P˙ /ρ˙. It is easy to verify that δPna is gauge invariant and corresponds to the
pressure perturbation in the uniform density gauge in which δρ = 0, i.e. δPna = δPud = δPδρ=0,
where the subscript ud stands for uniform density. This is indeed the gauge in which the relation
between curvature perturbations on uniform density slices ζ and adiabaticity were originally
studied [7].
In the comoving slices gauge, defined by the condition δφc = 0, from eq.(8) and eq.(10) we
have
δρc = δPc = −φ˙2Ac . (33)
Using its gauge invariance, δPna can be computed in the comoving slices gauge as
δPna = δPc − c2wδρc =
(
c2w − 1
)
φ˙2Ac =
(
c2w − 1
) φ˙2
H
R˙ . (34)
where in the last equality we have used the perturbed Einsteins’s equation R˙ = HAc.
The above expression can also be written in the form
δPna =
2
3
ǫρ
H
(
c2w − 1
) R˙ = ρ
H
(w + 1)
(
c2w − 1
) R˙ , (35)
from which it can be seen that R˙ could be arbitrary large, but as long as c2w ≈ 1 the non-
adiabatic pressure perturbation δPna can be arbitrary small. The limiting case in which c
2
w =
7
c2s = 1 corresponds to a globally adiabatic system [8, 20], that is adiabatic on any scale, i.e.
δPna = 0, but for which R grows on super-horizon scales.
In order to understand the relation between R and δPna it is useful to re-write eq.(35) as
R˙ = CfδPna , (36)
where Cf is the conversion factor between non adiabatic and curvature perturbations, given by
Cf =
1
3M2pH(1 + w)(c
2
w − 1)
. (37)
Contrary to previous results derived in the uniform density gauge assuming the gradient
term can be neglected on super-horizon scales [7], the above relation is more general because
is valid on any scale for any minimally coupled single scalar field model, also on sub-horizon
scales where gradient terms are large, and does not rely on any assumption about the relation
between the curvature on uniform density slices ζ and R. Eq.(36) is also more general than
eq.(19), which is also only valid on super-horizon scale.
We will show in the next section that the behavior of the conversion factor is the main cause
of the super-horizon growth of R, not the entropy perturbations in themselves. It is also useful
to derive this relation for later use
|R˙| = |Cf ||δPna| . (38)
Note that in the case of globally adiabatic systems the situation is more complex because the
equality c2s = c
2
w causes a divergence of the conversion factor, while at the same time δPna = 0.
In this case non adiabatic pressure perturbations and comoving curvature perturbations are
completely independent and only an explicit calculation of f˙ allows to find the super-horizon
behavior of R [8].
VII. APPLICATION TO QUASI-INFLECTION INFLATION
As an application of the general results obtained in the previous sections here we study the
case of quasi-inflection inflation, a single scalar field model minimally coupled to gravity with
potential [9, 10, 21]
V (φ) =
α
12
6v2φ2 − 4vφ3 + 3φ4
(1 + βφ2)2
. (39)
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FIG. 1: The number of e-folds before the end of inflation N is plotted as a function of t/te, where te
is the inflation end time, defined by the condition ǫ = 1.
The plots given in the paper are obtained by solving numerically the system of coupled differ-
ential equations (3) and (4) with the following choice of parameters
α = 2.97× 10−7 , v =
√
.108Mp , β =
1
v2
{
1
3
[
2 +
(
7
2
)2/3]
− 10−4
}
. (40)
In figs.(1-3) we plot the number of e-folds from the beginning of inflation N , the slow-roll
parameter ǫ and the Hubble parameter H as functions of time in units of the inflation end time
te = 6.99× 106M−1p , defined as the time when ǫ = 1. We choose the initial conditions in order
to satisfy the Planck constraints according to {φi = 10.75v, φ˙i = −3.91 × 10−7M2p}, and the
corresponding initial value of the Hubble parameter is Hi = 1.11×10−5Mp. As shown in fig.(2)
there is a region where ǫ is quickly decreasing, and we will show in the next section that this is
indeed the cause of the super-horizon growth of curvature perturbations.
VIII. BEHAVIOR OF PERTURBATIONS
We solve numerically the equation for curvature perturbations imposing initial conditions
corresponding to the Bunch-Davies vacuum when the modes are deep inside the horizon. The
curvature evolution is shown in figs.(5) and (6), from which it can be seen that the mode is not
9
FIG. 2: The slow-roll parameter ǫ is plotted as a function of the e-folds number.
FIG. 3: The Hubble parameter is plotted as a function of time.
freezing after horizon crossing.
As can be seen in fig.(5) the super-horizon evolution of |Rk| occurs during the time interval
in which f is a growing function of time, whose limits are denoted in this and all other figures
with dashed vertical red lines, in agreement with the general condition obtained in the previous
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section. During the same interval |R˙k| is growing, due to the growth of the norm of the
conversion factor |Cf |, in agreement with eq.(38), despite |δPna| is decreasing in the same
interval, clearly showing that the behavior of the conversion factor is the main cause of the
evolution of curvature perturbations, not entropy perturbations, contrary to what claimed in
[9].
The key quantities to understand the evolution of different modes are the co-moving scales
k1 = −1/τ1 and k2 = −1/τ2 corresponding to the modes leaving the horizon at the conformal
times τ1, τ2 when the condition f˙ > 0 respectively starts and ends to be satisfied. Larger scale
modes (k << k1) exiting the horizon much earlier than τ1 are not affected (see the blue line),
while modes leaving the horizon around the time interval (τ1,τ2) are affected, as shown in the
case of the black, green and orange lines. Smaller scale modes (k >> k2) exiting the horizon
much after τ2 are deeply inside the horizon between τ1 and τ2, and for this reason are not
affected since the gradient term dominates. Note that the curvature growth happens before
the inflection point, showing that the motivation for considering potentials with an inflection
point based on the slow-roll formula P
1/2
R
≈ 1/V ′ is miss-leading, as pointed out in [21, 22],
since the curvature growth takes place during a regime of strong slow-roll violation, which can
happen also without an inflection point, in presence of other types of features of the potential
[17]. The violation of the slow-roll conditions could also have other important effects such as
the violation of approximate consistency conditions [23] based on the assumption of slow-roll.
Fig.(6) and fig.(7) show that the real and imaginary parts of Rk are both monotonous
functions of time, as expected from eq.(19). Note that in the same time interval |Rk| is not
monotonous because the norm mixes the imaginary and real parts.
In fig.(4) are shown the time intervals during which the conditions 3 − ǫ + η ≤ 0, 2w˙ +
3H(1− w2) ≤ 0 and 2c2w − w − 1 ≥ 0 are satisfied, which according to eqs.(27-28) and eq.(30)
imply f˙ ≥ 0. The different plots allow to understand in alternative ways the origin of the
super-horizon evolution of Rk in terms of the behavior of different background quantities such
as the adiabatic sound speed cw, the equation of state w(t) or the slow roll parameters ǫ and η.
Since eq.(36) is valid on any scale, it can also be used to understand the evolution of cur-
vature perturbations for modes which are sub-horizon during the time interval (τ1,τ2). As
shown in fig.(8) the conversion factor is in fact causing a sub-horizon enhancement of curvature
perturbations, despite entropy perturbations are decreasing.
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FIG. 4: The background quantities 3 − ǫ + η, 2w˙ + 3H(1 − w2) and 2c2w − w − 1 are plotted as
functions of e-folds number. The super-horizon evolution of curvature perturbations occurs when
f˙ ≥ 0, which according to eqs.(27-28) and eq.(30) implies the three equivalent conditions 3− ǫ+η ≤ 0,
2w˙+3H(1−w2) ≤ 0 or 2c2w−w− 1 ≥ 0. The vertical red solid and dashed lines are plotted to denote
the same e-folds numbers indicated in the same way in fig.(5).
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FIG. 5: On the left the background quantities f, |Cf |, w are plotted as functions of e-folds number.
On the right the norm of the curvature perturbation, its time derivative and non adiabatic pressure
perturbation are plotted in the same e-folds interval. The dashed lines delimit, the e-folds interval
(N1, N2) during which the function f˙ ≥ 0. Denoting as τ1 the conformal time at N1 and the comoving
scale leaving the horizon at that time as k1 = −1/τ1, different modes of perturbations are plotted in
blue (k ≈ 1.75×10−3k1), black (k ≈ 8.85×10−2k1), green (k ≈ 4.53k1) and orange (k ≈ 2.47×102k1).
The vertical solid red line corresponds to the e-folds number Ni at which the field reaches the quasi-
inflection point, and the other vertical solid lines denote the horizon crossing e-folds number of the
corresponding modes. The super-horizon evolution of curvature perturbation occurs in the e-folds
interval in which f˙ ≥ 0, or equivalently w˙ < 0, or |Cf | has a large variation.
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FIG. 6: The real and imaginary part comoving curvature perturbations are plotted as functions
of e-folds number for the same comoving scales of fig.(5). After horizon crossing both the real and
imaginary parts of Rk are monotonous functions of time, in agreement with eq.(19). The vertical solid
black (green and orange) line(s) correspond(s) to the horizon crossing e-folds number, the vertical solid
red line corresponds to the e-folds number at which the field reaches the quasi-inflection point and the
dashed lines delimit the same e-folds interval (N1, N2) defined for fig.(5).
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FIG. 7: The real and imaginary parts of R˙k and δPna, the conversion factor Cf and the quantity
(1 + w)−1 are plotted as functions of e-folds number. We plot two modes which have exited the
horizon before interval N1, the blue (k ≈ 1.75× 10−3k1), and black (k ≈ 8.85× 10−2k1) lines, and one
mode which is leaving the horizon during the (N1, N2) interval, the green line(k ≈ 4.53k1). The large
increase of the amplitude of the oscillations of R˙k is caused by the conversion factor Cf , which is mainly
due to the sudden change of w(t). The amplitude of the oscillations of the entropy perturbation δPna
is decreasing, and as such cannot be considered the cause of the super-horizon increase of Rk. The
vertical solid red line corresponds to the e-folds number at which the field reaches the quasi-inflection
point and the dashed lines delimit the same e-folds interval (N1, N2) defined for fig.(5).
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FIG. 8: The rapidly oscillating real and imaginary parts of R˙k and δPna, the conversion factor Cf and
the quantity (1+w)−1 are plotted as a function of the e-folds number. The perturbations corresponds
to a mode which is sub-horizon (k ≈ 2.47 × 102k1) in the interval (N1, N2) . The large increase of
the amplitude of the oscillations of R˙k is caused by the conversion factor Cf , which is mainly due
to the sudden change of w(t). The amplitude of the oscillations of the entropy perturbation δPna is
decreasing, and as such cannot be considered the cause of the sub-horizon increase of Rk. The vertical
solid red line corresponds to the e-folds number at which the field reaches the quasi-inflection point
and the dashed lines delimit the same e-folds interval (N1, N2) defined for fig.(5).
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IX. CONCLUSIONS
The super-horizon growth of comoving curvature perturbations can have very important
observable effects, such as for example the production of primordial black holes. We have
investigated what are the general causes of this phenomenon in single scalar field models and
found that non adiabatic perturbations are not the main cause, but it is rather the evolution of
the background which determines this growth. We have shown that the key quantity to consider
is the equation of state w, and that in an expanding Universe with w > −1 the super-horizon
growth is due to a sufficiently fast decrease of w. We have also given an equivalent condition
for the super-horizon evolution in terms of the adiabatic sound speed, c2w ≥ (w + 1)/2.
We have then derived a general relation between the time derivative of comoving curva-
ture perturbations and entropy perturbations, in terms of a conversion factor depending on
the background evolution. Contrary to previous results derived in the uniform density gauge
assuming the gradient term can be neglected on super-horizon scales, the relation is valid on
any scale for any minimally coupled single scalar field model, also on sub-horizon scales where
gradient terms are large. The case of globally adiabatic systems is peculiar because entropy
perturbations are vanishing on any scale and the growth of curvature perturbations cannot be
consequently understood in terms of the conversion factor, but only in terms of the behavior
of the adiabatic sound speed or equivalently of the function f .
Applying the general relation between comoving curvature perturbations and entropy per-
turbations to the case of quasi-inflection inflation, we found that the growth of R is due to
a sudden and large variation of the conversion factor between non adiabatic and curvature
perturbations. The super-horizon growth of R occurs during a time interval in which entropy
perturbations decrease, clearly showing that entropy perturbations are not the main cause of
the growth of R.
In the future it will be interesting to consider other models which could produce PBH due
to the super-horizon growth of R, focusing the search on those which can give a sufficiently
fast decrease of the equation of state w. For example single field models with local features of
the potential could be good candidates [24, 25] or other types of features [17, 26–29]. It could
also be interesting to study other effects of the violation of the slow-roll regime, such as the
violation of approximate consistency conditions [23] based on the assumption of slow-roll.
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